Abstract This paper is concerned with the robust adaptive synchronization problem for a class of chaotic systems with actuator failures and unknown nonlinear uncertainty. Combining adaptive method and linear matrix inequality (LMI) technique, a novel type of robust adaptive reliable synchronization controller is proposed, which can eliminate the effect of actuator fault and nonlinear uncertainty on systems. After solving a set of LMIs, synchronization error between the master chaotic and slave chaotic systems can converge asymptotically to zero. Finally, illustrate examples about chaotic Chua's circuit system and Lorenz systems are provided to demonstrate the effectiveness and applicability of the proposed design method.
Introduction
Chaos is a very complex nonlinear behavior that depends crucially on initial conditions of nonlinear dynamical systems. Since the seminal work of Pecora and Carroll [1] , synchronization for chaotic systems has attracted great attention in different applications such as information processing, secure communication, and chemical and biologic engineering [2] [3] [4] [5] [6] [7] [8] . Based on linear and nonlinear control theory, various effective techniques and methods, such as adaptive control [9] , observer based control [10] , impulsive control [11] , and variable structure control [12] , have been proposed in the literature. In [13] , a synchronization scheme for two hyperchaotic dynamical systems in the presence of unknown system parameters is proposed. In [14] , an adaptive synchronization of Chua's system with unknown input uncertainty is considered. Using backstepping approach, synchronization of uncertain chaotic systems has been studied in [15] . Despite these advances in synchronization, most these papers are restricted to design synchronization controller without considering possible failures.
In fact, the occurrence of a fault is usually inevitable in a real system, such as the component failure in a circuit or the changes in model parameters caused by malfunctions in the actuator/sensors. For example, the failure of electron elements (resistances) in Chua's circuits may destroy the whole circuitry [16] . Moreover, synchronization of chaotic systems has great potential in secure communication applications. To maintain the communication quality, the reliability of synchronization should be taken into account. However, when a fault happens in chaotic systems, the conventional methods to synchronize the chaotic systems are invalid.
On the other hand, as an effective method to increase the safety and reliability of systems, fault-tolerant control has been an active research topic during the past two decades [17, 18] . Fault-tolerant design approach can be broadly classified into two types: Passive approach [19] [20] [21] and Active approach [22] [23] [24] [25] . In [19] , by using the LMI optimization approach, iterative LMIbased approaches to fault-tolerant control design are proposed using passive fault-tolerant controller, yet as the number of possible faults and the degree of system redundancy increases, the corresponding design method may become more conservative. In [23] , some active fault-tolerant control schemes have been proposed based on fault detection and isolation (FDI) mechanisms. Due to possible false alarms, nondetection, delays between the fault occurrence and its detection and the complexity of the former, faulttolerant control methods without FDI appear to be preferred in the existing literature. For example, indirect adaptive method [22] and direct adaptive method [25] rely on the potential of parameter-adaptive controllers to tolerant faults and assure acceptable performance of the closed-loop system. However, to our best knowledge, there is few work to design robust adaptive synchronization controllers for chaotic systems against actuator failures and nonlinear uncertainty. This paper focuses on the design of robust adaptive synchronization for a class of chaotic systems with actuator failures and nonlinear uncertainty. Using adaptive laws driven by synchronization errors and the estimations of unknown nonlinear term, a new type adaptive reliable synchronization controller is constructed, which can adaptively adjust controller parameters to compensate the actuator fault and nonlinear uncertainty. Also some sufficient conditions are derived in the framework of LMIs to guarantee the synchronization between the master and slave chaotic systems even in the presence of actuator failures and nonlinear uncertainty. Finally, a Chua's circuit and a Lorenz oscillator are used to illustrate the effectiveness of the proposed method.
This paper is organized as follows. Section 2 introduces the problem description. It is followed by the robust adaptive robust synchronization controller design method in Sect. 3. Illustrative examples are given in Sect. 4 to demonstrate the proposed method. Finally, Sect. 5 gives the conclusion.
The notations used throughout this paper are fairly standard. R n denotes the n-dimensional Euclidean space, R m×n is the set of all m × n real matrices. In addition, I means the unit matrix with appropriate dimensions, and for a matrix M, M T denotes its transpose, a block diagonal matrix with matrices N 1 , N 2 , . . . , N m on its main diagonal is denoted as diag[N 1 , N 2 , . . . , N m ]. P > 0(P < 0) denotes P is a positive (negative) definite matrix.
Problem formulation
Consider a chaotic system described by the following differential equatioṅ
where x(t) ∈ R n is the state, A 1 , A 2 ∈ R n×n are known constant matrices. g(x(t), t) ∈ R n is the known nonlinearities of chaotic systems. There are some chaotic systems can be described by (1), such as Chua's, Lü, Chen's, Lorenz, and Henon systems. Since Chua's circuit has been considered as the most famous electrical circuit to exemplify chaos [3] , a brief introduction will be given about it.
A standard Chua's circuit (see Fig. 1 ) is described by the following state equations
where V 1 and V 2 denote the voltages across the capacitors C 1 and C 2 , respectively, I L is the current through the inductor. L , R 0 and R 1 are linear resistors. And the nonlinear function g(V 1 ), which defines the v-i characteristic of Chua's diode, described by the piecewiselinear function (see Fig. 2 ).
The slopes in the inner and outer regions are G a , G b < 0, respectively, while ±E denotes the breakpoints. By rescaling the varialbes:
with E = 1V and G = 1/R 1 . So, the normalized (dimensionless) version of the standard Chua's circuit is given bẏ 
This paper aims at designing a robust adaptive reliable controller to synchronize the master (drive) and slave (response) chaotic systems. According to the drive-response concept, unidirectionally coupled chaotic systems can be described by the following equations:
where x m (t) ∈ R n and x s (t) ∈ R n are the states of master systems and slave system, respectively. A 1 , A 2 and g(·) are the same as (1) . B ∈ R n×m is known constant matrices. u F (t) ∈ R m is the control input subjected to actuator failure. τ is a known positive constant timedelay and E(x s (t), x s (t − τ ), t) ∈ R m describes an unknown nonlinear uncertainty vector with time delay.
To formulate the reliable control problem, the following actuator fault model from [20] is adopted in this paper:
where ρ j i is an unknown constant. Here, the index j denotes the jth fault mode and L is the total fault modes. Let Table 1 can be given to illustrate the fault model generally.
Denote where
The following sets can be defined
Thus, the set N ρ j contains a maximum of 2 m elements. For convenience in the following sections, for all possible fault modes L, we use an uniform actuator fault model
and ρ can be described by
The synchronization error is denoted as e(t) = x s (t) − x m (t). Therefore, the chaotic system (6) and (5) are synchronous if lim t→∞ e(t) = 0.
The dynamics of synchronization error between the slave system (6) and master system (5) can be described bẏ
The design problem under consideration is to find a robust adaptive controller such that the master system (5) and the slave system (6) can be synchronized in presence of actuator faults and unknown nonlinear uncertainty.
The following assumptions and lemma are required to derive the main result. Assumption 1 For ∀x ∈ R n and ∀y ∈ R n , the nonlinear term g(·) satisfies the following global Lipschitz' condition
where γ > 0 is a known positive parameter.
where · denotes the Euclidean norm. The parameters λ 1 and λ 2 are unknown positive constants.
Assumption 3 rank(B(I
−ρ)) = rank(B) = l < m, for all ρ ∈ ρ j , j = 1, 2, · · · , L.
Assumption 4
In the presence of up to any m − l(1 ≤ l ≤ m − 1) actuators outage, the remaining functional actuators can still be used to implement control signals to achieve a desired control objective. All actuators are allowed to suffer from partial loss of effectiveness faults simultaneously.
Remark 1 Assumptions 1 is a general condition, since many chaotic systems such as Chua's circuit, Chen system, Lü system and Lorenz systems satisfying this assumption [1] . In fact, assumption 2 is a felicitous expression, which can be easily satisfied by adjusting parameter λ 1 and λ 2 . Assumption 3 introduces a condition of actuator redundancy in the system. The reason can be explained from the controllability of system or linear algebra theory. Many practical systems belong to this class of systems and some studies have also been proposed based on the redundant condition [25, 26] . Assumption 4 is the basic existence assumption for a nominal solution [25, 27] .
According to [27] , it follows from Assumption 3 and 4 that there exists a unknown positive constant μ such that
Defined μ 0 = 1 μ is unknown parameter, which will be estimated by the designed adaptive law to construct the synchronization controller. 
Robust adaptive synchronization controller design against actuator fault
In this section, a robust adaptive synchronization controller will be proposed to render the synchronization error between the master system (5) and the slave system (6) converge to zero in the presence of actuator faults and unknown nonlinear uncertainty. The reliable synchronization controller is constructed as follows.
u(t) =K (ρ(t))e(t) + u c (t)
where
Here 
with L = −
, which is updated according to the following adaptive laws:
Hereμ 0 ,λ 1 andλ 2 are the estimated values of unknown parameters μ 0 , λ 1 and λ 2 , respectively. anḋ (20) where
are the estimation of ρ i . Proj{·} denotes the projection operator [29] , whose role is to project the estimateŝ
Here σ 0 , σ i and l i are the adaptive law gains to be chosen according to practical applications. Denotẽ μ 0 =μ 0 − μ 0 ,λ 1 =λ 1 − λ 1 ,λ 2 =λ 2 − λ 2 , ρ i =ρ i −ρ i . Since μ 0 , λ 1 , λ 2 and ρ i are unknown constants, the corresponding error systems can be written
Before presenting the main result of the paper, denote 
Theorem 1 Consider the closed-loop error system (10) subject to Assumptions 1-4. If there exist a positive constant ε and matrices X
with 22ii ∈ R n×n is the (i, i) block of 22 .
Then the robust adaptive controller described in (16) with the adaptive laws (18) - (20) can ensure that the synchronization error is globally asymptotically convergent to zero in the presence of actuator failures and unknown nonlinear uncertainty.
Proof Define the Lyapunov function as
We have the following equality
have the same forms, we deal with them in different ways in (23) , which gives more freedom and less conservativeness.
Then from the derivative of V (t) along the closedloop system, it followṡ
Let
By the fact that there exists a positive constant ε such that x T y + y T x ≤ εx T x + 1 ε y T y, and Assumption 1-Assumption 2, it followṡ
Since μ 0 = 1 μ , it follow that μμ 0 = 1 + μμ 0 . Since μ 0 , λ 1 , λ 2 , and ρ i are all unknown constants, from (13) and the controller described in (16) with the adaptive laws (18)- (20), it is sufficient to show
then (28) is satisfied for any vector x ∈ R n , where
By Lemma 1 and (21), it follows that (30) holds for any ρ ∈ {ρ 1 · · · ρ L }, ρ j ∈ N ρ j and the controller described in (16) with the adaptive laws (18)- (20) . So (28) holds for any e(t) = 0, which further implies thaṫ V (t) < 0 for any e(t) = 0. Thus, the closed-loop error system(10) is asymptotically stable. So the synchronization error e(t) converges to zero, namely x s (t) → x m (t). That is the chaotic systems (6) and (5) can be synchronous under the proposed controller even in the presence of actuator failures and unknown nonlinear uncertainty.
Remark 2
In the design of synchronization controller (16) , the updated laws of μ 0 (t), λ i (t) and ρ i (t) are chosen as (18)- (20) , which are determined by the synchronization error e(t). While e(t) approaches to zero, all the derivatives of μ 0 (t), λ i (t) and ρ i (t) can converge to zero. This implies all the estimates approach to constants as t → ∞. But this does not excessively imply these estimates converge to their true values. However, this does not have effect on the synchronization error convergent to zero. It follows from (28) that for any e = 0,V (t) < 0. Namely, the synchronization error e(t) can always converge to zero. 
Simulation examples
In this section, the Chua's circuit system and Lorenz system are used to verify the effectiveness of the proposed reliable synchronization controller designed method.
Example 1 (Chua's circuit) Consider the following Chua's circuit systems in the form of (4) from [3] .
with a = −1.28 and b = −0.69. The system (31) can be rewritten in the form of the chaotic master system (5), i.e. Consider the Chua's circuit has actuator fault and nonlinear uncertainty, then chaotic slave system (6) can be written aṡ 
Here, we consider the following possible fault modes:
Normal mode: Both of the two actuators are normal, that is, Error response curves using the proposed scheme In order to show the effectiveness of the proposed method, the standard controller is used in the simulation, which can guarantee the synchronization of the master system (32) in different initial conditions.
The following faulty case is considered in the simulations, the actuator fault does not occur until t = 5s, that is, the first actuator has outage, and the second actuator is normal. Figures 5 and 6 describe the error response curves of the closed-loop error system using the proposed robust reliable controller and standard controller, respectively. Even if possible actuator faults and nonlinear uncertainty exist, the Chua's circuit master system (32) and slave system (33) can realize synchronization with different initial conditions under the Error response curves using the existing scheme Example 2 (Lorenz system) In [30] , the chaotic Lorenz system iṡ
It can be seen that the system (31) can be rewritten in the form of the chaotic master system (5), i.e.
with
When the possible actuator fault and nonlinear uncertainty are considered, then the chaotic slave system (6) can be written as Error response curves using the proposed scheme Fig. 7 The synchronization error response curves using the robust reliable controlleṙ
where A E 1 = −0.01sin(x 2 s1 (t) + x 2 s2 (t)) − 0.02cos(x 2 s1 (t − τ ) + x 2 s2 (t − τ )) and E 2 = 0.1sin(x 2 s1 (t) + x 2 s2 (t)) − 0.1cos(x 2 s1 (t − τ ) + x 2 s2 (t − τ )). We proceed as that in Example 1. The fault case is that at t = 5, the first actuator is loss of 40% effectiveness while the second actuator is loss of 50% effectiveness in the meantime. The corresponding synchronization error response curves using proposed robust reliable controller and standard controller are given in Figs. 7 and 8, respectively. In contrast, our method has both fault-tolerant ability and the robustness for nonlinear uncertainty as the theory has proved.
Conclusion
In this paper, a robust adaptive synchronization approach for a class of chaotic systems with actuator faults and unknown nonlinear uncertainty has been proposed. A new type of adaptive reliable synchronization controller is constructed based on the estimations of unknown nonlinear term and unknown fault parameters. The synchronization conditions between the Error response curves using the exsiting scheme Fig. 8 The synchronization error response curves using the standard controller master and slave chaotic systems have been derived in terms of linear matrix inequalities. That is to say, an uncertain chaotic system can follow a desired chaotic systems despite of actuator faults and uncertain nonlinearity. The simulation results about Chua's circuit system and Lorenz system have confirmed the superiority of the proposed method.
